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LAYERED MODELS FOR CLOSED 3-MANIFOLDS
JESSE JOHNSON
Abstract. We define a combinatorial structure on 3-manifolds
that combines the model manifolds constructed in Minsky’s proof
of the ending lamination conjecture with the layered triangulations
defined by Jaco and Rubinstein.
Minsky’s recent proof of the ending lamination conjecture [3] in-
troduced a construction in which a path in the pants complex of a
boundary component S of a hyperbolic 3-manifold M is used to build
a combinatorial model of a hyperbolic structure on S × [0,∞). This
structure is analogous in many ways to a triangulation: It consists of
a one-dimensional object (a link) spanned by two-dimensional pieces
(embedded pairs of pants) that cut the manifold into relatively simple
pieces (which we will describe below).
The construction of these models is closely related to the layering
construction used to build ideal triangulations of punctured torus bun-
dles in [1]. In particular, a model is determined by a path hierarchy
in the curve complex, or (equivalently) a path in the pants complex
for the boundary. The layered triangulations in [1] correspond to path
hierarchies in the arc complex for the punctured surface.
Jaco and Rubinstein [2] have studied layered triangulations of han-
dlebodies, which can be glued together to form layered triangulations
of closed 3-manifolds. Applying the analogy between Minsky models
and layered triangulations suggests a way to construct Minsky models
for closed 3-manifolds. In the present paper, we study this construc-
tion, applying results from the theory of Heegaard splittings to prove
the following:
1. Theorem. Every compact, hyperbolic 3-manifold admits a model
decomposition in which every component of the 1-skeleton is a knotted
loop.
By a knotted loop in an arbitrary 3-manifold, we mean a loop that
does not bound an embedded disk. Such a loop may still be homotopy
trivial in M .
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This construction can be readily extended to 3-manifolds with atoroidal
boundary. It should also be possible to extend it to 3-manifolds with
toroidal boundary by modifying the definition of model blocks slightly
to allow them to “wrap” around the torus boundary, which is more in
line with the construction in [3]. However, to simplify the exposition,
we will not consider these generalizations here.
We also note the following property of any model of a closed 3-
manifold. This result does not require that the 3-manifold be hyper-
bolic, or that the model structure satisfy the conclusions of Theorem 1.
2. Theorem. The 1-skeleton of any model structure for a compact,
closed, orientable 3-manifold is a hyperbolic link.
The outline of the paper is as follows: We define the model structure
in Section 1, then review the theory of generalized Heegaard splittings
in Section 2. We define a general construction of models for compres-
sion bodies (the building blocks of generalized Heegaard splittings) in
Section 3, then in Section 4 we refine this construction to produce mod-
els for compression bodies with no unknotted loops. Finally, we use
this refined construction to prove Theorem 1 in Section 5.
1. Model structures
A pants decomposition for a compact, closed, orientable surface S is
a set P of pairwise disjoint, essential simple closed curves in S such
that each component of S \ P is a thrice-punctured sphere (i.e. a pair
of pants).
Given a pants decomposition P and a loop ℓ ⊂ P , the complement
S \ (P \ ℓ) consists of a collection of pairs of pants and either a four-
punctured sphere or a once-punctured torus Fℓ ⊂ S that contains ℓ.
When Fℓ is a punctured torus and ℓ
′ is a second essential loop in Fℓ not
parallel to ℓ, we will say that ℓ′ intersects ℓ minimally if ℓ∩ℓ′ is a single
point. When Fℓ is a four-punctured sphere and ℓ
′ ⊂ Fℓ is an essential,
non-parallel loop we will say ℓ′ intersects ℓ minimally if ℓ∩ ℓ′ is exactly
two points. In both cases, replacing ℓ with a new loop that intersects ℓ
minimally produces a new pants decomposition for S. (The condition
that ℓ′ intersects ℓ minimally is not necessary to produce a new pants
decompositon, but it is useful for other reasons.)
3.Definition. The pants complex P(S) for a compact, closed surface S
is the graph whose vertices are isotopy classes of pants decompositions
for S and whose edges connect each pants decomposition P to each
pants decomposition that results from replacing a loop of P with a
new essential loop in Fℓ that intersects ℓ minimally.
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An edge path in the pants complex for S determines a sequence
of pants decompositions for S. We will use this sequence of pants
decompositions to construct a combinatorial structure on S × [0, 1] as
follows:
4. Definition. A pants block is a handlebody with a collection of es-
sential loops in its boundary, forming a pants decomposition of one of
two forms: The first type can be identified with a once punctured torus
cross an interval T × [0, 1] so that one loop is essential in the annu-
lus ∂T × [0, 1] and the other two loops are contained in T × {0} and
T ×{1} so that their projections into T intersect in a single point. The
second type can be identified with a four-times punctured sphere cross
an interval T × [0, 1] so that one loop is essential in each component of
∂T × [0, 1] and the remaining two loops are contained in T × {0} and
T ×{1} so that their projections into T intersect in exactly two points.
In the case when T is a once punctured torus, the complement of
the loops is two pairs of pants. For T a four punctured sphere, there
are four pairs of pants in the complement. We will call the one or two
pairs of pants that intersect T × {0} the bottom pants and the one or
two remaining pairs of pants the top pants.
Consider a sequence of pants decompositions P1, . . . , Pn correspond-
ing to a path in P(S). The first pants decomposition P1 determines a
decomposition of the surface S × {0} ⊂ S × [0, 1]. Let ℓ ⊂ S × {0} be
the loop that is replaced in the first edge of the path. We can embed
a pants block in S × [0, 1] so that the union of its bottom faces are
identified with Fℓ × {0}.
The union of (S \Fℓ)×{0} and the top faces of this pants block will
be a surface homeomorphic to S with an induced pants decomposition.
Moreover, because the top and bottom loops of a pants block project
to loops that intersect minimally, we can choose the embedding of the
pants block so that the projection of this pants decomposition onto
S×{0} will be isotopic to P2. We can continue in this way, embedding
a pants block for each edge in the path. If P1 and Pn have no loops
in common then the union of these pants blocks will form a regular
neighborhood of S × {0}, and this can be isotoped so that their union
is S × [0, 1].
This construction produces a model of a surface cross an interval. We
would like to apply a similar layering construction to produce models
of closed 3-manifolds.
5. Definition. A model decomposition of a 3-manifold M is a triple
(L, P,B) where L is a link in M , P is a collection of immersed pairs of
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pants with pairwise disjoint, embedded interiors and boundaries con-
tained in L. The set B is a collection of embedded pants blocks with
boundaries in
⋃
P such that the marked loops in each pants block are
sent into L.
Proof of Theorem 2. To show that the 1-skeleton L of a model decom-
position (L, P,B) is a hyperbolic, we will show that the complement is
irreducible and atoroidal. Each model block Bi is a handlebody, and
thus boundary compressible. However, it has the structure of a surface
cross and interval F × [0, 1], so every compressing disk must intersect
the annuli ∂F × [0, 1]. Because L ∩ Bi contains an essential loop in
each of these annuli, there is no compressing disk for Bi disjoint from
L∩Bi. Similarly, any incompressible annulus in Bi is either boundary
parallel or vertical in F × [0, 1]. In the second case, it must be parallel
to one of the annuli in ∂F × [0, 1], and thus to a loop in L ∩Bi.
Let S ⊂ (M \ L) be an embedded sphere, and assume that we have
isotoped S so as to minimize its intersection with the pairs or pants P .
If S ∩P is not empty then every loop bounds a disk in S, so some loop
of S ∩ P will bound a disk in a block Bi. However, this disk must be
boundary parallel in Bi, so there is an isotopy of S that eliminates this
loop of intersection. Thus S ∩ P is empty, S is contained in a block B
and thus bounds a ball (since handlebodies are irreducible.)
Given an embedded torus T ⊂ (M \ L), a similar argument implies
we can isotope T to intersect P in a collection of essential loops. Thus
its intersection with each block Bi will be a collection of annuli. As
noted above, each annulus must be parallel to a loop in L ∩ Bi. As
we follow the annuli around T , we see that they must all be parallel to
the same component of L, and so T must be boundary parallel. Thus
M \ L contains no essential tori, and is thus hyperbolic. 
The construction above determines a model decomposition for S ×
[0, 1]. By choosing a model so that the pants decompositions for S ×
{0} and S × {1} are related by a given homeomorphism φ : S →
S, one can construct a model structure for the surface bundle with
monodromy φ. By a similar construction for surfaces with boundary,
one can construct model decompositions for any closed 3-manifold from
an open decomposition. However, in order to get the control needed
to prove Theorem 1, we will construct a model decomposition from a
generalized Heegaard splitting.
2. Generalized Heegaard splittings
6. Definition. A handlebody is a 3-manifold homemorphic to the reg-
ular neighborhood of a graph embedded in S3. A strict compression
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body H is a connected 3-manifold with boundary that results from at-
taching 1-handles to the S ×{1} boundary component of S × [0, 1] for
a compact, closed (not necessarily connected) surface S. The image
in H of S × {0} is the negative boundary ∂−H and the complement
∂H \ ∂−H is the positive boundary, ∂+H . A compression body is a
disjoint union of zero or more handlebodies and zero or more strict
compression bodies.
Note that we use a very general definition of compression body here.
In particular, a compression body may not be connected.
7. Definition. A generalized Heegaard splitting for a closed 3-manifold
M is a collection of compression bodies H−1 , H
+
1 , . . . , H
−
k
, H+
k
⊂ M
with pairwise disjoint interiors whose union is M and whose bound-
ary components coincide as follows: For each i, ∂+H
−
i
= ∂+H
+
i
and
∂−H
+
i
= ∂−H
−
i+1.
For each i, we will define the submanifold Mi = H
−
i
∪ H+
i
⊂ M .
The pair of handlebodies H−
i
, H+
i
determines a Heegaard splitting for
Mi along the Heegaard surface Σi = ∂+H
−
i
= ∂+H
+
i
. Each Σi is called
a thick surface of the generalized Heegaard splitting. The surfaces
that come from the negative boundary components of the compression
bodies are called thin surfaces.
If for some i there is an essential, properly embedded disk in H−
i
whose boundary is disjoint from an essential disk in H+
i
then following
Scharlemann-Thompson [5], we can replace H−
i
, H+
i
with a generalized
Heegaard splitting forMi whose intermediate surfaces have lower genus.
This process is called a weak reduction.
If it is not possible to carry out a weak reduction then we will have
the condition that for each i, every essential disk in H−
i
must intersect
every essential disk in H+
i
in a non-empty set in Σi. A generalized
Heegaard splitting that satisfies this property will be called strongly
irreducible. The main results of Scharlemann and Thompson’s paper
can be summarized as follows:
8. Theorem (Scharlemann-Thompson [5]). Every 3-manifold admits a
strongly irreducible generalized Heegaard splitting and the thin surfaces
of any strongly irreducible generalized Heegaard splitting are incom-
pressible.
We will also need the following property of strongly irreducible gen-
eralized Heegaard splittings. (Scharlemann’s proof is for Heegaard
splittings rather than generalized splittings, but the result can be gen-
eralized directly due to the fact that the thin surfaces in a strongly
irreducible generalized Heegaard splitting are incompressible.)
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9. Lemma (Scharlemann’s no-nesting Lemma [4]). If ℓ is a simple
closed curve in a thick surface Σi of a strongly irreducible generalized
Heegaard splitting such that ℓ bounds a disk in M then ℓ bounds a disk
contained in H−
i
or H+
i
.
Note that if M is hyperbolic then every compression body in a
strongly irreducible generalized Heegaard splitting of M will have no
boundary component of genus one.
3. Compression bodies and fat spines
We will construct a model decomposition for a 3-manifold M by
choosing a strongly irreducible generalized Heegaard splitting for M
and constructing a model decomposition for each compression body
in the splitting so that they match up along their boundary surfaces.
Our construction will proceed by induction, starting with models for
the simplest types of compression bodies.
10. Definition. Given a compact, closed, orientable surface S, a fat
spine for S × [0, 1] is a pants decomposition for S × {1
2
}. A fat spine
for a genus-two handlebody is an embedded pair of pants with a pants
decomposition consisting of its boundary loop and a loop in its interior,
whose complement in H is homeomorphic to ∂H × [0, 1).
Each type of fat spine is a union of pairs-of-pants whose boundary
loops form a link in H . Moreover, the complement of each spine is a
regular neighrbohood of the boundary of H . Consider a pants block
B that intersects a fat spine K in its bottom pants and has interior
disjoint from K. Then the complement of K ∪B will also be a regular
neighborhood of ∂H . After attaching this first pants block, we can
attach a second pants block along its bottom pairs of pants and so on
for any number of pants blocks.
11. Definition. A model complex in the interior of H constructed in
this way will be called a layered model for H .
Every compression body with no tori in its boundary can be con-
structed by attaching 1-handles to one or more of these initial types
of compression bodies. More precisely, given any compression body
H that is not one of these two initial types, there is a properly em-
bedded, essential disk D ⊂ H such that the complement of H is one
or two compression bodies whose positive boundary or boundaries are
atoroidal and have lower genera than that of H .
12. Definition. A fat spine for H is the union of a model for each
component of H \D and a pair of pants F with one boundary loop in
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the boundary of each model such that the complement of the fat spine
is homeomorphic to ∂H × [0, 1).
A fat spine can be constructed by induction for any compression
body with atoroidal boundary. The pair of pants F has either one or
two boundary components in the models for the smaller compression
bodies, depending on whether D is separating or non-separating.
4. Models for compression bodies
An interior loop of a fat spine K is a loop ℓ in the 1-skeleton of
K such that some regular neighborhood of ℓ is contained in the pants
blocks ofK. Any non-interior loop in the 1-skeleton is called a boundary
loop. As with the fat spines for our initial types of compression bodies,
we can layer pants blocks onto any fat spine, and the resulting model
decomposition will be called a model for H . Each model for H induces
a pants decomposition for ∂H as follows:
13. Definition. A pants decomposition for ∂H is induced by a model
K for H if for each loop ℓ in the pants decomposition, there is an
annulus Aℓ ⊂ H with one boundary component coinciding with ℓ, the
other component coinciding with a boundary loop in K, and interior
disjoint from K. The annulus Aℓ will be called a vertical annulus. A
pants decomposition of ∂H is spinal if it is induced by a fat spine for
H .
In many cases, the union of the pants blocks in the model for H
will be isotopic onto H , and the induced pants decomposition comes
from the image after this isotopy. However, in some models (such as
fat spines) the union of the pants blocks and any loose pair of pants,
will not be a 3-manifold.
14. Lemma. Each model K for H induces a unique pants decomposi-
tion for ∂H.
Proof. Let ℓ be a loop in K that is the boundary of one or more pairs of
pants. A regular neighrborhood of ℓ is a solid torus T such that K ∩T
consists of a collection of annuli, each with one boundary component
on ℓ and the other in ∂T . Let A′′ be a collection of annuli with interior
in the complement T \K such that each annulus in A′′ has a boundary
component on ℓ and a boundary loop in ∂T , and such that each com-
ponent of T \K contains exactly one annulus of A′′. Construct such a
collection for each loop of K and let A′ be their union.
The complement H \ K is homeomorphic to ∂H × [0, 1) and the
image of A′ in this product is a collection of annuli, whose closures
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in ∂H × [0, 1] have essential boundary components in ∂H × {1}. Let
A ⊂ ∂H × [0, 1] be the result of extending each annulus of A′ to an
annulus with one boundary component in ∂H × {0} and one in ∂H ×
{1}. By construction, the intersection of A with ∂H × {1} is a pants
decomposition. Because the annuli are all essential, they determine the
same isotopy classes of loops in ∂H×{0}, so the intersection of A with
this surface is a pants decomposition. Moreover, the images in H of
the annuli in A show that this pants decomposition is induced by K.
Any annulus with a boundary component on a loop of K and the
other in ∂H is isotopic into an annulus of A within a regular neighbor-
hood of the loop. After this isotopy the two loops will determine the
same loop in ∂H×{1}, so the two annuli will be isotopic in ∂H× [0, 1]
and thus in H . Thus every spine of H determines a unique spinal pants
decomposition. 
By definition, every model for a compression body H contains a fat
spine K for H . The layer number of the model is the smallest number
of model blocks not contained in K, over all models for H and fat
spines K in those models.
15. Lemma. Let H be a compression body and let P be a pants decom-
position for ∂+H. If K is a model for H that induces P on ∂+H, and
has the minimal layer number among all such models then any loop in
K that bounds a disk in H is in the interior of the fat spine.
Proof. Let K be a fat spine for H contained in the model. The model
blocks not in K determine a path in the pants complex for ∂+H from a
spinal decomposition to P . Let P1, . . . , Pn be the vertices of this path,
where P = P1 and Pn is induced by K. Let i be the index such that
Pi is the first pants decomposition containing a loop bounding a disk
in H . Let ℓ ⊂ Pi be the loop bounding a disk.
By assumption, P does not contain such a loop so i > 1. We will
show that Pi−1 is spinal, implying that the model does not have minimal
layer number.
Note that if Fℓ is a punctured torus then ℓ is non-separating in Fℓ.
Moreover, if one takes two parallel copies of a disk bounded by ℓ and
attaches them by a band in the complement of the annulus between
the boundaries of two disks, the resulting disk has boundary parallel to
the puncture in the torus. Thus the loop in the boundary of Fℓ already
bounds a disk in H . Since we chose i to be the earliest edge creating
such a loop, we can assume that Fℓ is a four-punctured sphere.
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Let D be a disk with ∂D = ℓ and let H ′ ⊂ H be the complement in
H of an open regular neighborhood N of D. Then H ′ is either a com-
pression body or a disjoint union of two compression bodies (depending
on whether or not D is separating).
The intersection of the closure ofN withH ′ is a pair of disks E1, E2 ⊂
∂H ′. The restriction of the pants decomposition Pi to ∂H
′ forms a
pants decomposition for the punctured surface ∂H ′ \ (E1 ∪ E2). The
two pairs of pants containing the boundary loops of this surface are
the restrictions of Fℓ. Each of these pairs of pants has one boundary
component that bounds a disk in ∂H ′, and the union of this pair of
pants and the disk is an annulus. Let A1, A2 be these two annuli in
∂H ′.
If A1 is contained in a solid torus component of H
′ then we will
define ℓ1 to be a core of the solid torus. Otherwise, we will crush A1
down to a single loop ℓ1 in ∂H
′. Define ℓ2 similarly. Crushing A1 and
A2 to loops (if they are not in solid tori components) induces a pants
decomposition P ′ on the boundary of the non-solid-torus component(s)
of H ′.
For each component of H ′ that is not a solid torus, choose a model
that induces the pants decomposition P ′ on ∂H ′. Consider the result
of attaching a pair of pants to this model for H ′, sending two of the
boundary components to the loops ℓ1, ℓ2. If ℓ1 or ℓ2 is in a solid torus
then the pair of pants will be attached to H ′ along only one boundary
loop. If both ℓ1 and ℓ2 are in solid tori then H is a genus-two handle-
body and the resulting fat spine consists of a single pair of pants.
The induced pants decomposition of ∂H is identical to Pi outside of
Fℓ. Within Fℓ, the induced pants decomposition consists of a loop that
intersects ℓ in two points. By twisting around the disk D, we can make
this loop into any essential loop in Fℓ that intersects ℓ in two points.
In particular, we can make it into the loop that preceded ℓ in Pi−1.
Thus Pi−1 is spinal and the model for H does not have the minimal
layer number. 
16. Corollary. Let H be a compression body and let P be a pants
decomposition for ∂+H such that no loop in P bounds a disk in H.
Then there is a model K for H that induces P on ∂+H, has minimal
layer number among all such models and such that no loop in K bounds
a disk in H.
Proof. We will prove this by induction on the genus of H , starting with
the base case of genus two. In this case a fat spine is a single pair of
pants embedded in H and it is straightforward to check that no loop
bounds a disk. Moreover, if we extend this to a model that minimizes
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the layer number then Lemma 15 implies that none of the new loops
will bound disks in H .
For the induction step, assume that the Corollary holds for every
genus strictly less than g. Choose a model for H that minimizes the
layer number. LetK be the fat spine and letH ′ ⊂ H be the handlebody
contained in K (i.e. we get the fat spine for H by attaching a pair of
pants to H ′.) The model for H determines a pants decomposition for
∂H ′ such that no loop in this pants decomposition bounds a disk in H .
Therefore, no loop bounds a disk in H ′. By the induction assumption,
this implies that we can choose a model forH ′ such that no loop bounds
a disk in H ′. Since this model for H ′ agrees with our original model
for H ′, we can assume that the restriction of K to H ′ is such a model.
The boundary of H ′ is incompressible into H \ H ′, so if a loop in
H ′ bounds a disk in H then it bounds a disk in H ′. By the contra-
positive, no loop in the model can bound a disk in H because it does
not bound a disk in H ′. Thus the model we’ve constructed contains no
loop bounding a disk in H . 
5. Constructing the model
Proof of Theorem 1. By Scharlemann-Thompson’s Theorem (Theorem 8),
every hyperbolic 3-manifold M admits a strongly irreducible general-
ized Heegaard splitting {H−1 , H
+
1 , . . . , H
−
k
, H+
k
} whose thin surfaces are
incompressible. Because M is closed and hyperbolic, each thin surface
must have genus at least two. Because M is not a lens space or a
connect sum containing a lens space, each thick surface must also have
genus at least two.
For each i, choose a fat spine K+ for H+ and a model K− for H− so
that the pants decomposition of Σi = ∂+H
−
i
is isotopic to the decom-
position induced by K− on Σi = ∂+H
+
i
. Moreover, choose K−
i
, K+
i
so
that no loop in the fat spines of K+
i
, K−
i
bounds a disk in H−
i
H+
i
,
respectively and so that K−
i
has minimal layer number over all such
pairs of models.
Because K+
i
is a fat spine for H+
i
, every boundary loop in K+
i
is
either disjoint from a compressing disk for K+
i
or is the loop added
with the final pair of pants. Because Σi is strongly irreducible, if a
boundary loop of K+ bounds a disk in H−
i
then it must be this final
loop ℓ. If this is the case then there is a meridian disk D for H+
i
that intersects the final pair of pants in an arc and intersects ℓ in two
points. Applying a half-twist along D to K+
i
replaces ℓ with a new
loop ℓ′ that intersects ℓ in two points. Since ℓ bounds a disk in H−
i
,
the construction in Lemma 15 can be used to find a fat spine K+
i
for
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H+
i
in which ℓ′ is the loop added with the final pair of pants. In this
case the layer number is zero, so this pair K−
i
, K+
i
will minimize the
layer number.
Thus we can assume no loop in K+
i
bounds a disk in H−
i
. In partic-
ular, no loop in the induced pants decomposition of Σi bounds a disk
in H−
i
, so by Lemma 16, we can choose K−
i
so that no loop bounds a
disk in H−
i
. The last block layered into H−+ has top pants that project
to a pair of pants in the projection of K+
i
. If we remove this pants
block from K−
i
and layer it onto K+
i
, the projections of the resulting
models for H−
i
, H+
i
will still coincide (up to isotopy) in Σi. We can
transfer each subsequent model block outside the fat spine in H−
i
in a
similar fashion until we have a fat spine for H−
i
and a model for H+
i
. If
this model does not have minimal layer number then we could choose a
model with lower layer number, then transfer the blocks back into H−
i
,
to reduce its layer number. Thus this model for H+
i
must have minimal
layer number. Thus by Lemma 15, no loop added by the layering (i.e.
outside the fat spine) will bound a disk in H+.
Any loop in the interior of the fat spine of H−
i
or H+
i
is disjoint
from a compressing disk for the compression body. Thus if such a loop
bounds a disk in the opposite compression body, the induced Heegaard
splitting of Mi will be weakly reducible. Thus no loop in K
−
i
or K+
i
bounds a disk in either compression body. Moreover, by Scharlemann’s
no-nesting Lemma (Lemma 9) these loops cannot bound disks in Mi.
We would like to turn the models for the compression bodies in the
generalized Heegaard splitting for M into a single model for M . For
each thin surface ∂−H
+
i
= ∂−H
−
i+1
, choose a path in the pants complex
between the projections of the models we have chosen for the two com-
pression bodies. If there is a loop that appears in both compression
bodies, choose a non-minimal path that passes through a pants decom-
position that does not contain any such loop. This path will induce a
model structure for the neighborhood of ∂−H
+
i
= ∂−H
−
i+1
between the
two compression body models that matches up with the models along
the intersection. Because each thin surface is incompressible, these
loops will not bound disks in M .
To extend the models along the thick surfaces, recall that on each Σi
there is a pants decomposition such that each loop is connected to a
loop in H−
i
and H+
i
by an embedded annulus with interior disjoint from
K±
i
and its second boundary loop in K±
i
. Let A be the union of these
annuli. If A contains an embedded torus T ⊂ Mi then this embedded
torus must be compressible (since M is atoroidal). If T bounds a solid
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torus then we will throw away all the model cells inside the solid torus
and crush the solid torus down to a loop.
Otherwise, assume for contradiction that T does not bound a solid
torus. Let D be a compressing disk for T and let X ⊂Mi be the com-
ponent of Mi \ T that does not contain D. Let Σ ⊂ Mi be a regular
neighborhood of the fat spine forH+
i
. Let S be the result of isotoping T
in the complement of X until there is a compressing disk for T disjoint
from Σ and compressing. Then the complement of S will be a ball B
containing X . Because Σ is strongly irreducible and S is incompress-
ible in the complement of Σ, Scharlemann’s characterization of how a
strongly irreducible Heegaard surface intersects a ball [4] implies that
Σ∩B must be planar and unknotted. In particular, any loop in Σ∩B
bounds an embedded disk in the complement of Σ. However this is
impossible because Σ∩B contains one or more loops in a spinal pants
decomposition for Σ, which by construction do not bound a disks in
H+
i
or H−
i
.
Thus we can crush each torus in A down to a loop. The resulting
set A′ is homeomorphic to the product of S1 with a disjoint union of
trees. Thus we can shrink each component of A′ down to a loop. The
annuli in A′ bound regions of Mi \ (K
+
i
∪K−
i
) with the structure of a
pair of pants cross an interval. When we shrink the annuli to loops, we
can isotope K−
i
and K+
i
into these regions, to shrink each one down
to a pair of pants. After this isotopy, the union of the models for the
compression bodies is a model decomposition for M such that no loop
bounds a disk in M . 
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